A numerical method for simulating near-critical carbon-dioxide flows in a micro-channel is presented. This method is based on the preconditioning method applied to the compressible Navier-Stokes equations. The Peng-Robinson equation of state is introduced to evaluate the properties of near-critical fluids. As numerical examples, Near-critical carbon-dioxide flows in a square cavity and in a micro-channel are calculated and the calculated results are compared with the experimental data and the theoretical results. Finally, we demonstrate that the compressibility dominates the near-critical carbon-dioxide flows in a micro-channel even if the flow is very slow and the Reynolds number is very low.
Introduction
Supercritical fluids at the near-critical point present some anomalous properties, such as rapid changes in reactivity, thermal-conductivity, speed of sound, and so on. At the near-critical point, the fluids have both liquid and gaseous properties. Those fluids have been already studied experimentally such in chemical, environmental and mechanical engineerings. Research groups in these fields are challenging to utilize those anomalous properties for developing innovative facilities or materials. The recent progress of the study on supercritical fluids has been summarized by Savage et al. (1) and Savage (2) . However, since the supercritical fluids must be kept by high pressure and high or moderate temperature, the experimental facilities for the fluids to maintain the severe conditions may be expensive. In addition to this, the measurement of those anomalous properties in the fluids seems to be not so easy.
A number of numerical approaches have been also reported to assist the experimental study. Oka et al. reported a numerical method for the hydrothermal decomposition and oxidation in supercritical water (3) . Supercritical carbon-dioxide flows in the RESS (Rapid Expansion of Supercritical Solutions) process have been numerically modeled by two distinguished groups (4) , (5) . Zappoli et al. (6) calculated a thermoacoustic heating, the so-called piston effect, in the carbon-dioxide fluids at low gravity.
Our interest on this study is how supercritical-fluid flows at the near-critical point behave in a micro-channel. Unfortunately, the corresponding studies have not been reported yet. We guess that the experiments may be quite difficult because of the micro-scale region. Generally, flows in a micro-channel are very slow and the Reynolds number is very low. Therefore, the flows may be assumed to be an incompressible flow. However, supercritical fluids have anomalous properties at the near-critical point. The density and the thermal properties are rapidly changed at the point even if the flow is very slow. In this paper, we demonstrate numerically that the compressibility dominates the near-critical carbon-dioxide flows in a microchannel.
Recently, we developed a preconditioning method for simulating flows at very low Mach number (7) . This method is based on the numerical method for compressible flows and the preconditioning technique developed by Weiss and Smith (8) . Then, we proposed a new fluxsplitting formulation which can be easily applied to the existing numerical methods for compressible flows. Existing compressible flow solvers are certainly confronted by the stiffness if these solvers are applied to a very slow flow. On the other hand, the existing incompressible flow solvers cannot calculate such flows if the compressibility dominates the flow field. Since the preconditioning method can remove the stiffness completely, not only compressible flows but also incompressible flows can be solved. Our method (7) has further extended to condensate fluid and solid coupling problems (9) , (10) . In this paper, we apply the preconditioning method (7) to the calculation of near-critical carbon-dioxide fluids. In addition to this, the Peng-Robinson equation of state (11) for real gas is newly employed for the present method to calculate the thermal properties of near-critical fluids. Also the speed of sound is theoretically derived from the equation and installed in the present method.
As numerical examples, near-critical carbon-dioxide flows in a square cavity and in a micro-channel are calculated and the calculated results are compared with the experimental and the theoretical results. Finally, we demonstrate that the compressibility dominates the near-critical carbon-dioxide flows in a micro-channel even if the flow is very slow and the Reynolds number is very low. κ : Thermal conductivity
Nomenclature

Numerical Methods
1 Fundamental equations
The fundamental equations used in this study are based on the two-dimensional compressible Navier-Stokes equations. The set of equations is written in vector form as ∂q ∂t
where
Equation (1) is further transformed to equations in general curvilinear coordinates. The set of equations is represented by
The stress tensor τ i j is given by
The fundamental equations modified by the preconditioning method (8) are written in general curvilinear coordinates as
where Γ is the preconditioning matrix. The elements in Γ are represented by assuming real gases as
where θ is the preconditioning parameter, which is defined by
and ρ T = ∂ρ/∂T . h p and h T are the partial derivatives of enthalpy with regard to the pressure and the temperature. U r is a switching parameter. If U r equals the physical speed of sound, θ is to be zero and the fundamental equations are reduced to the compressible Navier-Stokes equations. Q is the vector of unknown primitive variables defined bŷ
2 Preconditioned flux-vector splitting form
Equation (3) has been solved by a finite-difference or finite-volume method based on compressible flow solvers such as approximate Riemann solvers. We have developed a high-resolution finite-difference method for simulating unsteady transonic viscous flows. In this method, we employed the fourth-order compact MUSCL (Compact MUSCL) (12) , Roe's approximate Riemann solver (13) , and the LU-SGS scheme (14) . In the previous study, a preconditioned flux-vector splitting (PFVS) form for inviscid terms was newly derived and applied to the high-resolution method (7) . Then, a preconditioned Roe's scheme and a preconditioned LU-SGS scheme were introduced by using the splitting form. The PFVS form is briefly explained below.
The numerical flux (F i ) +1/2 for F i of the inviscid term of the compressible Navier-Stokes equations defined at the interface between the control volume and + 1 in each coordinate i (i = 1, 2) can be written by a fluxsplitting form as
The superscripts ± indicate the sign of characteristic speeds. F (12) from left and right directions. The preconditioned flux-splitting form forÂ
and Λ i are the matrices composed of preconditioned eigenvectors and preconditioned characteristic speeds (eigenvalues).Q ia andQ ib are the subvectors.λ
whereλ ± i j ( j = 1, 3, 4) and
λ i j ( j = 1, 3, 4) are the preconditioned characteristic speeds derived aŝ
where, U i (i = 1, 2) are the contravariant velocities. In these equations,ĉ i is the numerical speed of sound. It is defined bŷ
where, ρ p = ∂ρ/∂p. If U r equals the physical speed of sound, α is reduced to unit and characteristic speeds and physical speed of sound for compressible flows are recovered.
In this study, the preconditioned flux-splitting scheme is further extended to the scheme for supercritical fluids. We employ one of cubic equations of state (EOS) to solve real-gas flows in conditions with high pressure and high temperature.
Generally the well-known equation is defined by
with empirical parameters a and b. Equation (20) comes to the van der Waals EOS (WA) (15) , the RedlichKwong EOS (RK) (16) or the Peng-Robinson EOS (PR) (11) . Then, the square of the sound speed is derived as dp
We further derived the partial derivatives such as ρ T , ρ p , h T and h p theoretically from WA, RK and PR EOSs.
Results
We first calculate typical thermal properties of the carbon-dioxide from the PR EOS theoretically and these values are compared with the experimental data. Figure 1 shows the density-temperature diagram calculated from the WA, RK, PR, and the ideal gas equation of state (IG). These values are compared with each other and compared with the value obtained from the PROPATH (17) . The bulk pressure is fixed to 7.38 MPa. The PROPATH data may be accurate, because this data is interpolated from the experimental data. This figure indicates that the calculated value from the PR is most coincident with the PROPATH data. Therefore, the PR EOS is employed as the present EOS in this study. Another important point suggested from Fig. 1 is that the ideal-gas assumption cannot be used for evaluating the properties of the near-critical CO 2 . Figure 2 shows the values of the speed of sound in CO 2 theoretically calculated by the derived equations from the WA, RK, and PR. These values are also compared with the value calculated from the IG, the PROPATH and the experiments. The speed of sound in CO 2 reaches to the lowest value at the critical point as shown by the experiments. The calculated value from the IG EOS is completely in disagreement with the experiments. The PROPATH data may be most accurate except for the value at the critical point. But, the critical value was slightly overestimated by the PROPATH data. The reason is still unknown. Almost a same value of the speed of sound is calculated by the equations derived from the WA, RK, and PR. The critical value is accurately evaluated by these equations. Although these values are slightly different from the experiments except for the near-critical region, the small discrepancy is acceptable at the view point for the practical usage in the present computational code.
As other thermal properties, the thermal conductivity and the molecular viscosity of CO 2 at the critical point should be also evaluated. However, since the theoretical values could not have been derived from the PR EOS, we derived polynomial equations for the thermal conductivity and the molecular viscosity interpolated from the PROPATH data as shown in Figs. 3 and 4 . These equations are used for the evaluation of these thermal properties.
Next, the computational code developed for supercritical carbon-dioxide flows is validated by a benchmark test, the so-called the square-cavity flow, and the calculated results are compared with those reported by Ghia (18) . As flow conditions, the wall temperature is 330 K, and the bulk pressure is 7.38 MPa. The Reynolds number is 100. The computational grid used here has 51 × 51 grid points. Figure 5 shows the calculated u-velocity values at the mid-line along the y-direction. The values calculated by assuming the first-order accuracy in space with IG EOS, the second-order accuracy in space with IG EOS, and the second-order accuracy in space with PR EOS are compared with each other and with those by Ghia. This figure indicates that both calculated results using the secondorder in space are quite in good agreement with the Ghia's data. The second-order scheme in space is employed for the following calculations.
The square-cavity problem is extended to the nearcritical carbon-dioxide flows in the square-cavity with a near-critical temperature at the wall boundaries. As flow conditions, the upper wall temperature is fixed at 400 K. The other wall temperatures are fixed at 309 K. The bulk pressure is 7.38 MPa. The Mach number referred from the velocity at the upper wall is 0.000 1. The same computational grid with the previous case is used. The Reynolds number is 76. Figure 6 (a), (b) and (c) show the calculated density contours assuming the ideal gas (CASE A1), the PR EOS with a constant thermal conductivity (CASE A2), and the PR EOS with the thermal-conductivity function referred from the PROPATH (CASE A3). As compared with CASE A1, the density changes rapidly from the wall boundaries setting at the near-critical temperature to the upper wall boundary in CASE A2 and A3. This reason can be explained by using Fig. 1 . Because a huge change in density at near-critical temperature is found in Fig. 1 , the density near the walls setting at the near-critical temperature was changed larger than that in CASE A1. The difference between the highest density and the lowest density in the field in CASE A2 and A3 is approximately 5 times larger than that in CASE A1. It indicates that the compressibility dominates the flow field in near-critical CO 2 flows even if the flow Mach number and the Reynolds number are very low. As compared with the density distributions in CASE A2, the thermal-conductivity function from the PROPATH in CASE A3 is not always effective to the density field.
The temperature contours corresponding to Fig. 6 (a), (b) and (c) are shown in Fig. 7 (a), (b) and (c). The flow fields in CASE A2 and A3 are cooled more by the cooled wall with near-critical temperature than that in CASE A1. It suggests that supercritical CO 2 flows can be effectively cooled by the wall cooling at a near-critical temperature. The low temperature region in CASE A3 is slightly wider than that in CASE A2.
As the last example, near-critical CO 2 flows in a micro-channel with a cavity region are calculated using the present method with the P-R EOS. Figure 8 shows the computational grid which has 201×41 grid points in the channel and 41×21 grid points in the cavity. The inlet height is 1E−4 m. The channel length is 9E − 4 m, and the edge length of the cavity is 1E − 4 m. As flow conditions, the inlet pressure is 7.38 MPa, and the inlet Mach number is 0.001. Three cases in Table 1 are taken into account. The Reynolds number is 102 in CASE B2. Figure 9 (a), (b) and (c) show the calculated density contours in three cases. As compared with each other, the density difference between the maximum and the minimum values in CASE B2 is quite large compared with that in other two cases. The density difference in CASE B2 is approximately 160 kg/m 2 . On the other hand, the difference in CASE B1 and B3 is approximately 40 kg/m 2 in both cases. The difference in CASE B2 is approximately 4 times larger than that in CASE B1 and CASE B3. These results indicate that the compressibility dominates the near-critical CO 2 flows also such in a micro-channel even if the flow is very slow and the Reynolds number is very low. walls to the flow region than those in CASE B1. On the other hand, the effectiveness of the wall cooling in CASE B3 is relatively weakened. The difference of the cooling rate between CASE B2 and CASE B3 may be originated from the density distributions as shown in Fig. 1 . The density is rapidly increased if the temperature decreases toward the critical temperature. The temperature setting to 309 K at the walls in CASE B2 induces a large gradient in the density field near the walls, while the change of temperature in the corresponding flow field is very small because of the property as shown in Fig. 1 . Consequently, the low temperature region cooled by the walls setting to 309 K in CASE B2 may be widely spread from the walls into the flow field compared with that in CASE B3. Figure 11 shows the temperature distributions at the outlet of the channel. Those values obtained by CASE B1, CASE B2 and CASE B4 (in which CASE B2 with a constant thermal conductivity is calculated). The temperature obtained by CASE B4 is totally lower than that by CASE B1. The temperature obtained by CASE B2 is locally lower near the wall than that by CASE B1, but the maximum temperature at the center of the channel outlet reaches to almost the same value with that by CASE B1.
Conclusion
Near-critical carbon-dioxide flows were calculated using the preconditioning method coupled with the PengRobinson equation of state. All calculated results suggest that the compressibility should be fundamentally taken in near-critical CO 2 flows into consideration even if the flow Mach number and the Reynolds number are very low. Also the temperature distributions in the near-critical CO 2 flows calculated by using the PR EOS were quite different from those calculated by using the ideal-gas equation. This result suggests that near-critical CO 2 flows should be carefully calculated with appropriate models or functions for thermal properties, otherwise accurate predictions for the near-critical fluids cannot be conducted by numerical approaches. One of interesting results obtained by the present calculations is that the wall cooling setting close to the near-critical temperature may be effective to cool the main CO 2 flow.
The present method can be also applied to other nearcritical and supercritical flows such as supercritical water, supercritical ethanol and supercritical hydrogen, because we uses the Peng-Robinson equation of state in which the thermal properties can be easily changed to those for other molecules.
